The behaviour of the curvature tensor on isotropic planes on a Riemannian manifold of indefinite metric is closely related to
RIEMANNIAN MANIFOLDS OF INDEFINITE METRICS
Preliminaries. Let M be a Riemannian manifold with indefinite metric g of signature (s, n − s), i.e. the tangent space T p M in p ∈ M is isometric to R n s with the inner product:
The curvature operator on M is given by
for arbitrary vector fields X, Y on M. The Ricci tensor and the scalar curvature of M are denoted by ρ and τ respectively. A 2-plane (2-dimensional subspace) α of T p M is said to be nondegenerate, weakly isotropic or strongly isotropic if the restriction of g on α is of rank 2, 1 or 0 respectively. The sectional curvature of a nondegenerate 2-plane α in T p M with a basis {x, y} is given by K(α) = K(x, y) = R(x, y, y, x) g(x, x)g(y, y) − g 2 (x, y) .
A pair {x, a} of tangent vectors at a point p ∈ M is said to be orthonormal of signature (+, −) if g(x, x) = 1, g(a, a) = −1, g(x, a) = 0. Orthonormal pairs of signature (+, +) or (−, −) are determined analogously. Orthonormal quadruples of certain signature are determined in a similar way. Firstly, the particular importance of degenerate planes in pseudo-Riemannian geometry has been shown by the theorem:
Theorem A [1] . If R(x, y, y, x) = 0, whenever span{x, y} is weakly isotropic, then all the nondegenerate 2-planes have the same sectional curvature, i.e. the manifold is of constant sectional curvature.
In fact, this theorem is formulated in [1] for arbitrary degenerate 2-planes, but the proof is also valid for the proposition in the above given form.
A tensor T of type (0,4) over T p M, p ∈ M, is said to be curvature-like tensor if it has the following properties: a) T (x, y, z, u) = −T (y, x, z, u), b) T (x, y, z, u) = −T (x, y, u, z), c) T (x, y, z, u) + T (y, z, x, u) + T (z, x, y, u) = 0 for all x, y, z, u in T p M.
We shall use Theorem 1, a) from [1] in the following form: Theorem B. Let T be a curvature-like tensor over T p M, p ∈ M. If T (x, y, z, x) = 0, whenever {x y} is an orthonormal pair of signature (+, −) and g(x, z) = g(y, z) = 0, then all the nondegenerate 2-planes have the same sectional curvature with respect to T .
Conformally flat Riemannian manifolds and isotropic planes. The conformal curvature tensor C on a Riemannian manifold is given by
It is well known, that, if n > 3, then M is conformally flat if and only if C vanishes. The main result in this section is the following theorem, which clarifies the relation between the conformal curvature tensor and the behaviour of R on strongly isotropic 2-planes.
T h e o r e m 1. Let s ≥ 2, n − s ≥ 2. Then M is conformally flat if and only if R(ξ, η, η, ξ) = 0, whenever span{ξ, η} is strongly isotropic.
Proof. Let {x, y, a, b} be an arbitrary orthonormal quadruple of signature (+, +, −, −). Then R(x + a, y + b, y + b, x + a) = 0 implies R(x, y, b, a) + R(x, b, y, a) = 0 . Hence, using the first Bianchi identity, we find
From here it is not difficult to derive
Replacing y by (y + tb)/ √ 1 − t 2 , |t| < 1, in (2), we find
From (2), (3) and Theorem B it follows C = 0. The inverse is a simple verification. Using Theorem 1 and the continuity of R, in a similar way we have T h e o r e m 2. Let M (s ≥ 2, n − s ≥ 2) be a Riemannian manifold of indefinite metric. Then the following conditions are equivalent: 1) M is conformally flat; 2) R(x, y, a, b) = 0, whenever {x, y, a, b} is an orthonormal quadruple of signature (+, +, −, −);
, whenever {x, y, a, b} is an orthonormal quadruple of signature (+, +, −, −).
This proposition specifies the caracterizations of conformally flat manifolds given by Schouten [2, p.307] and Kulkarni [3] .
Plane axioms in the Riemannian geometry of indefinite metric. Let N (dim N = m ≥ 3) be a differentiable manifold with a linear connection of zero torsion. In general, N is said to satisfy the axiom of r-planes (2 ≤ r < m), if, for each point p and for any r-dimensional subspace E of T p M, there exists a totally geodesic submanifold N ′ containing p such that T p N ′ = E. Now we specialize the general plane axiom to the considered manifolds. A Riemannian manifold M of indefinite metric is said to satisfy the axiom of weakly (strongly) isotropic 2-planes, if, for each point p and for any weakly (strongly) isotropic 2-plane E in T p M, there exists a totally geodesic submanifold M ′ containing p such that T p M ′ = E and all the tangent spaces of M ′ are weakly (strongly) isotropic in M. T h e o r e m 3. Let M (n ≥ 3) be a Riemannian manifold of indefinite metric. If M satisfies the axiom of weakly isotropic 2-planes, then M is of constant sectional curvature.
Proof. Let ξ be an isotropic vector in T p M and x ⊥ ξ, such that g(x, x) = 1 or g(x, x) = −1. By the conditions of the theorem, there exists a totally geodesic submanifold
Since M ′ is totally geodesic and the connection is symmetric, R(ξ, x)x is tangent to M ′ at p. This implies R(ξ, x, x, ξ) = 0. According to Theorem A, M is of constant sectional curvature.
T h e o r e m 4. Let M (s ≥ 2, n − s ≥ 2) be a Riemannian manifold of indefinite metric. If M satisfies the axiom of strongly isotropic 2-planes, then M is conformaly flat.
Proof. Let ξ, η be arbitrary isotropic perpendicular vectors in T p M, p ∈ M. By the condition of the theorem, there exists a totally geodesic submanifold
Hence, R(ξ, η, η, η, ξ) = 0. Applying Theorem 1, we obtain M is conformally flat.
ALMOST HERMITIAN MANIFOLDS OF INDEFINITE METRICS
Preliminaries. In this part M will stand for an almost Hermitian manifold with indefinite metric g of signature (2s, 2(n − s)) and almost complex structure J, i.e.
A pair {x, y} of vectors in T p M is said to be holomorphic (antoholomorphic) if span{x, y} is a holomorphic (antiholomorphic) 2-plane. Antiholomorphic triples and quadruples are determined in a similar way.
The manifold M is said to be of pointwise constant holomorphic (antiholomorphic) sectional curvature if in each point p ∈ M all the nondegenerate holomorphic (antiholomorphic) 2-planes have the same sectional curvature, which is a function of the point. As in the definite case, if M is a Kaehler manifold of pointwise constant holomorphic (antiholomorphic) sectional curvature, then M is of constant holomorphic sectional curvature.
Let {e i , i = 1, . . . , 2n}, be an orthonormal basis of T p M. The Ricci * -tensor and the scalar * -curvature are given by
respectively. The proof of the next proposition, given in [4] is also valid in the indefinite case. Theorem C. Let T be a curvature-like tensor of type (0,4) over
T (x, y, y, x) = 0, whenever span{x, y} is an antiholomorphic 2-plane, 3) T (x, Jx, y, x) = 0, whenever span{x, y} is an antiholomorphic 2-plane, then T = 0.
Almost Hermitian manidolds of pointwise constant antiholomorphic sectional curvature. In this section we give an analogue of Theorem A for almost Hermitian manifolds of indefinite metric.
T h e o r e m 5. Let M be an almost Hermitian manifold of indefinite metric and n ≥ 3. If R(X, ξ, ξ, X) = 0, whenever span{X, ξ} is a weakly isotropic antiholomorphic 2-plane, then M is of pointwise constant antiholomorphic sectional curvature.
Proof. Let n − s ≥ 2 (the case s ≥ 2 is treated analogously). We choose x, y, a in T p M, p ∈ M so that {x, y, a} is an orthonormal antiholomorphic triple of signature (+, +, −). From the condition of the theorem we have
From here we find
Replacing a by (a + Ja)/ √ 2 in (4) we get (4) - (7) imply (8), Similarly, if g(a, a) = −1, we find
for unit vectors Y, Z in T p M and Y, Z ⊥ a, Ja. Finally, let α, β be arbitrary nondegenerate antiholomorphic 2-planes with orthonormal bases {X, Y } and {Z, U}, respectively, and let E = span{X, JX}. If {Z, U} is of signature (+, −), we choose a vector W ∈ T p M, W ⊥ Z, JZ, g(W, W ) = 1. Then {Z, W } is of signature (+,+) and
taking into account (8) . Hence we can assume {Z, U} is of signature (+,+) or (−, −). Let Z ′ be a unit vector and Z ′ ∈ β ∩ E ⊥ . Choosing U ′ ∈ β, U ′ ⊥ Z ′ and using (8) , (9), we obtain
This gives: M is of pointwise constant antiholomorphic sectional curvature.
R e m a r k. If M (n ≥ 3) is an almost Hermitian manifold of pointwise constant antiholomorphic sectional curvature ν, then its curvature tensor has the form [5] R − 1 2(n + 1)
is a curvature like-tensor whenever S(x, Jy) + S(y, Jx) = 0 and
Then, the direct verification shows the inverse proposition of Theorem 5. If M is Kaehlerian and n ≥ 3, the following conditions are equivalent [8] 1) M is of constant holomorphic sectional curvature µ; 2) M is of constant antiholomorphic sectional curvature µ/4. Then Theorem 5 implies C o r o l l a r y [6] . Let M be a Kaehler manifold of indefinite metric and n ≥ 3. If R(X, ξ, ξ, X) = 0, whenever span{X, ξ} is a weakly isotropic antiholomorphic 2-plane, then M is of constant holomorphic sectional curvature.
Almost Hermitian manifolds with vanishing Bochner curvature tensor. Firstly, we shall prove L e m m a 1. Let T be a curvature-like tensor of type (0,4) over T p M. If 1) T (x, Jx, Jx, x) = 0, whenever g(x, x) = 1, 2) T (x, a, a, x) = 0, whenever span{x, a} is an antiholomorphic 2-plane of signature (+, −), 3) T (x, Jx, b, x) = 0, whenever span{x, b} is an antiholomorphic 2-plane of signature (+, −), then T = 0.
Proof. We shall show that the conditions 1), 2) and 3) imply the corresponding conditions of Theorem C. For instance, let 1) hold good. If α ∈ T p M and g(a, a) = −1, we choose x ⊥ a, Ja and g(x, x) = 1. Then 1) implies T (x + ta, Jx + tJa, Jx + tJa, x + ta) = 0 for every |t| < 1. From here we find T (a, Ja, Ja, a) = 0 and hence T (X, JX, JX, X) = 0 for arbitrary non-isotropic vector X. Further, approximating any isotropic vector ξ with non-isotropic vectors, we obtain T (ξ, Jξ, Jξ, ξ) = 0 and the condition 1) of Theorem C. The conditions 2) and 3) in Theorem C follow in a similar way.
The Bochner curvature tensor B(R) for an almost Hermitian manifold M (2n ≥ 6) is given by the equality [7] B(R) = R − {16(n + 2)} −1 (ϕ + ψ)(ρ + 3ρ
where R(x, y, z, u) = R(Jx, Jy, Jz, Ju) for all x, y, z, u ∈ T p M.
The next theorem gives a characterization of almost Hermitian manifolds of indefinite metric with vanishing Bochner curvature tensor.
T h e o r e m 6. Let M (s ≥ 2, n − s ≥ 2) be an almost Hermitian manifold of indefinite metric. The following conditions are equivalent:
1) R(ξ, η, η, ξ) = 0, whenever span{ξ, η} is a strongly isotropic antiholomorphic 2-plane, 2) B(R) = 0. Proof. Let ξ be an arbitrary isotropic vector in T p M. Choosing an isotropic vector η, so that η ⊥ ξ, Jξ, from the condition we find
From here we obtain R(ξ, Jξ, Jξ, ξ) = 0 . This equality gives R(x + a, Jx + Ja, Jx + Ja, x + a) = 0 for an arbitrary orthonormal pair {x, a} of signature (+, −). Using the last equality we get (10) K(x, Jx) + K(a, Ja) = K(x, Ja) + K(Jx, a) − 2R(x, Jx, Ja, a) − 2R(x, Ja, Jx, a).
Let y be in T p M, so that {x, y, a} is an orthonormal antiholomorphic triple of signature (+, +, −). Replacing a by (a + ty)/ √ 1 − t 2 , |t| < 1 in (10) we find (11) K(x, Jx) + K(y, Jy) = K(x, Jy) + K(Jx, y) + 2R(x, Jx, Jy, y) + 2R(x, Jy, Jx, y).
If {e 1 , . . . , e 2n } is an orthonormal basis of T p M, from (10) and (11) we obtain Using (12), from this equallity we obtain
This formula gives
From here, taking into accout (13), we find (15)
Further, (14) implies From (16), (17) and (18) it follows easily (19) R(y, Jy, Jy, b) = − 3 4(n − 1)(n + 2) ρ(y, b) + 2n + 1 4(n − 1)(n + 2) ρ(Jy, Jb)
Taking into account (13), (15) and (19) and Lemma 1 we obtain B(R) = 0. The inverse is a straightforward verification. L e m m a 2. Let M (s ≥ 2, n − s ≥ 2) be a Kaehlerian manifold of indefinite metric. The following conditions are equivalent:
1) R(ξ, Jξ, Jξ, ξ) = 0, whenever ξ is an isotropic vector, 2) R(ξ, η, η, η, ξ) = 0, whenever span{ξ, η} is a strongly isotropic antiholomorphic 2-plane.
Proof. The implication 2) → 1) was shown in the proof of Theorem 6 in the case of an arbitrary almost Hermitian manifold. Using this equality and the first Bianchi identity we find R(ξ, η, η, ξ) + 3R(ξ, Jη, Jη, ξ) = 0 . Now 2) follows in a straightforward way. Applying Lemma 2 and Theorem 6 we obtain T h e o r e m 7. Let M (s ≥ 2, n − s ≥ 2) be a Kaehlerian manifold of indefinite metric. The following conditions are equivalent: 1) R(ξ, Jξ, Jξ, ξ) = 0, whenever ξ is an isotropic vector, 2) B(R) = 0. R e m a r k. In [8] there is announced the following proposition without a proof: Theorem 6.5. Let M be a connected indefinite Kaehler manifold with complex dimension n ≥ 2 and index 2s > 0. If R(u, Ju, Ju, u) = 0 for all isotropic vectors u ∈ T p M holds, then M has constant holomorphic sectional curvature.
Plane axioms for almost Hermitian manifolds of indefinite metrics. Let M be an almost Hermitian manifold of indefinite metric. M is said to satisfy the axiom of the weakly (strongly) isotropic antiholomorphic 2-planes, if, for each point p in M and for any weakly (strongly) isotropic antiholomorphic 2-plane E in T p M, there exists a totally geodesic submanifold M ′ of M containing p, such that T p M ′ = E and all the tangent spaces of M ′ are weakly (strongly) isotropic antiholomorphic 2-planes in M. The axiom of isotropic holomorphic 2-planes is formulated in a similar way. We note, that every isotropic holomorphic 2-plane is necessarily strongly isotropic.
In this section we discuss these axioms. We need the following propositions.
Theorem D. Let M be an almost Hermitian manifold of indefinite metric. If R(x, Jx, Jx, a) = 0 , whenever {x, a} is an orthonormal antiholomorphic pair of signature (+, −), then M is of pointwise constant holomorphic sectional curvature and R = R. This proposition can be derived in a similar way as the corresponding theorem in the case of an almost Hermitian manifold of definite metric [9] .
Using Lemma 1, we obtain immediately. L e m m a 3. Let M (s ≥ 2, n − s ≥ 2) be an almost Hermitian manifold of indefinite metric. If M is of pointwise constant holomorphic sectional curvature µ, pointwise constant antiholomorphic sectional curvature ν, and R = R, then the curvature tensor has the form:
Theorem E. [7] Let M be an almost Hermitian manifold and 2n ≥ 6. If the curvature tensor of M has the form (20), then M is of constant sectional curvature or M is a Kaehler manifold of constant holomorphic sectional curvature.
The proof of this theorem is also valid in the case of an indefinite metric.
T h e o r e m 8. Let M (s ≥ 2, n − s ≥ 2) be an almost Hermitian manifold of indefinite metric. If M satisfies the axiom of weakly isotropic antiholomorphic 2-planes, then M is of constant sectional curvature or M is a Kaehler manifold of constant holomorphic sectional curvature.
Proof. Let {ξ, x} be a basis of an weakly isotropic antiholomorphic 2-plane in T p M with g(ξ, ξ) = g(ξ, x) = g(ξ, Jx) = 0 and g(x, x) = ±1. By the conditions of the theorem, there exists a totally geodesic submanifold M ′ through p such that T p M ′ = span{ξ, x}. This implies R(ξ, x, )x is in T p M ′ . Hence R(ξ, x, x, ξ) = 0. Applying Theorem 5, we obtain M is of pointwise constant antiholomorphic sectional curvature. On the other hand, since Jx ⊥ ξ, x, then R(ξ, x, x, Jx) = 0. From here it follows immediately R(Jx, x, x, a) = 0, whenever {x, a} is an orthonormal antiholomorphic pair of signature (+, −). Applying Theorem D, Lemma 3 and Theorem E we obtain the proposition.
T h e o r e m 9. Let M (s ≥ 2, n − s ≥ 2) be an almost Hermitian manifold of indefinite metric. If M satisfies the axiom of strongly isotropic antiholomorphic 2-planes, then M has vanishing Bochner curvature tensor.
Proof. Let {ξ, η} be a basis of a strongly isotropic antiholomorphic 2-plane in T p M. From the condition of the assertion we find R(ξ, η)η is in span{ξ, η}. Hence, R(ξ, η, η, ξ) = 0. Applying Theorem 6 we obtain B(R) = 0.
T h e o r e m 10. Let M (s ≥ 2, n − s ≥ 2) be a Kaehlerian manifold of indefinite metric. If M satisfies the axiom of isotropic holomorphic 2-planes, then M has vanishing Bochner curvature tensor.
Proof. Let ξ be an arbitrary isotropic vector in T p M. By the conditions of the theorem we have R(ξ, Jξ)Jξ is in span{ξ, Jξ}. Hence, R(ξ, Jξ, Jξ, ξ) = 0. Now, Theorem 7 implies the assertion.
T h e o r e m 11. Let M (s ≥ 2, n − s ≥ 2) be a Kaehlerian manifold of indefinite metric. If M satisfies the axiom of strongly isotropic antiholomorphic 2-planes, then M is of constant holomorphic sectional curvature.
Proof. Applying Theorem 9 we find B(R) = 0. Let {ξ, η} be a basis of an arbitrary strongly isotropic antiholomorphic 2-plane in T p M. The condition of the theorem gives R(ξ, η)η is a linear combination of ξ and η. From this condition and B(R) = 0 we check ρ(ξ, ξ) = 0 for an arbitrary isotropic vector ξ. This condition implies M is Einsteinian [10] . Hence M is of constant holomorphic sectional curvature.
